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Abstract
We find some necessary conditions for separation of conjugacy classes by Gδ-sets in A(Q), the
group of order preserving permutations of Q. A description of Gδ-conjugacy classes of this group is
obtained. The method uses a generalization of elementary embedding from model theory.
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0. Introduction
The paper is devoted to complexity of conjugacy classes of the group A(Q) of all order
preserving transformations of the set of rational numbers. The group is considered under
the (Polish) topology of pointwise convergence.
The algebraic structure of A(Q) has been intensively studied. For example, Truss in
[7,8] investigates subgroups of small index and conjugacy classes C with Cn = A(Q)
for appropriate n. On the other hand Foreman has noticed in [3] that the conjugacy
relation on A(Q) is complete analytic. This shows that the conjugacy classes can be
arbitrarily complicated; then the question of description of classes of low complexity looks
quite interesting. In the paper we concentrate on necessary conditions for separation of
conjugacy classes by Gδ-sets. One of the consequences of our main results is Theorem
2.8 below which describes Gδ-conjugacy classes. It also states that there are no non-trivial
conjugacy classes belonging to Fσ .
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Our method seems of interest in its own right. It comes from the paper of Becker [1],
where the notion of elementary embeddability from logic is generalized to the general case
of a Polish group action on a Polish space:
Let G be a Polish group acting continuously on a Polish space X. Let d be a left-
invariant metric of G and x, y ∈ X. A Cauchy sequence gn ∈ G, n ∈ ω is an ι-
embedding of x into y if gn · x converges to y .
It is shown in [1] that the definition does not depend on d ; we can now say that the
sequence gn is ι-Cauchy. Moreover, the definition is preserved under replacing of x and y
by elements of the corresponding orbits and then induces a transitive relation on the set of
orbits. Proposition 3.D.5 there asserts that if two orbits of the action are separated by a Gδ-
set then a representative of the orbit outside the set is not embeddable into any element of
the orbit inside. We now see that any description when for g,h ∈A(Q) the automorphism
g is not embeddable into h under the conjugacy action γαγ−1 gives a necessary condition
for separation by a Gδ-set. Our key result, Theorem 2.2 below, gives such a description.
It is worth noting that the standard metric d(α,β) = ∑{2−i : α(i) = β(i)} is left-
invariant on Sym(ω). The group A(Q) is a closed subgroup of Sym(Q) and can be
considered under this metric. A natural question arises how the situation looks for Sym(ω).
It is known that the corresponding conjugacy relation is Borel (by Exercise 3.11 of [4]
it is smooth); then we cannot expect too complicated theorems here. It turns out that
the converse to Proposition 3.D.5 of [1] holds in this case. As a result all conjugacy
classes in Sym(ω) are Π03 . It is possible that this fact is folklore. Nevertheless we have
decided to include it (and a description of ι-embeddability) in Section 1 to illustrate how ι-
embeddability works in the easiest cases. Notice that by the result of Foreman cited above,
the situation for the conjugacy action of A(Q) is as complicated as the general case.
1. Conjugacy classes of Sym(ω)
To every permutation σ we can assign its cycle type fσ :ω→ ω∪{ω} defined as follows
fσ (n)=
{
the number of infinite cycles in σ, for n= 0,
the number of cycles of length n in σ, for n > 0.
Let S denotes the set of all permutations such that the length of its finite cycles is bounded,
i.e., S = {σ : (∃n0)(∀n > n0)(fσ (n)= 0)}.
Notice, that two permutations are conjugate just in the case their cycle types are equal.
Using the notion of a cycle type we can characterize ι-embeddability for conjugacy classes
of Sym(ω) with respect to the conjugacy action. We start with the following lemma.
Lemma 1.1.
(1) Let σ , ρ be any permutations, such that σ is ι-embeddable into ρ. Then fσ (0) fρ(0)
and fσ (k)= fρ(k) for each k > 0.
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(2) Let σ,ρ be any permutations, such that 0 < fσ (0)  fρ(0) and fσ (k) = fρ(k) = 0,
for every k > 0. Then σ is ι-embeddable into ρ.
Proof. (1) Assume that there is a ι-Cauchy sequence (gn) such that gnσg−1n → ρ. Suppose
that fσ (0)= r > l = fρ(0). Then l is finite and for any l + 1 elements y0, y1, . . . , yl ∈ ω
there are 0 i  j  l and s = 0 such that ρs(yi)= yj .
Since r > l, we can find l + 1 elements x0, x1, . . . , xl which are in distinct infinite
cycles in σ . There is n0 such that for any n n0 and any i  l we have gn(xi)= gn0(xi).
For i  l put yi = gn0(xi) and find s > 0, i, j  l such that ρs(yi)= yj . There is n1 > n0
such that for all n  n1, t  s and 0  i, j  l, we have gnσ tg−1n (yi) = ρt (yi). Then
gnσ
sg−1n (yi) = ρs(yi) = yj and the corresponding xi, xj are in the same infinite cycle
of σ . This contradicts our assumption.
Let k > 0. Note that for every permutation δ the length of the δσδ−1-cycle containing
δ(x) is the same as the length of the σ -cycle containing x . Therefore fσ (k)  fρ(k).
Suppose that fσ (k) < fρ(k). Hence fσ (k) is finite and fσ (k) + 1  fρ(k). Then there
is n0 such that for every n n0 we have fσ (k)+ 1 fgnσg−1n (k) which is impossible.(2) We shall work with permutations of Z rather than N. Notice that it suffices to prove
the lemma for fσ (0)= 1. Without loss of generality we may assume that σ(m)=m+ 1,
for m ∈ Z. Let fρ(0) = l  1 and ρ consists of infinite cycles (zij )j∈Z, i < l, i.e.,
ρ(zij )= zi(j+1) for all j ∈ Z. Put
ln =
{
l for l < ω,
n for l = ω.
Let gn be any permutation such that{
gn(j)= z0j for −∞< j  n,
gn(i · 2n+ j)= zij for 0 < i < ln and − n < j  n.
Obviously, (gn)n∈ω is a ι-Cauchy sequence. Since gnσg−1n (zij )= zi(j+1) for every i < ln
and −n < j < n, we have gnσg−1n → ρ. ✷
The following corollary is an easy consequence of the lemma:
Corollary 1.2. Let σ , ρ be any permutations consisting of finite cycles. Then σ is ι-embed-
dable into ρ if and only if they are conjugate.
Theorem 1.3.
(1) Let σ ∈ S , ρ ∈ Sym(ω). Then σ is ι-embeddable into ρ if and only if (0 < fσ (0) 
fρ(0) or fσ (0)= fρ(0)= 0) and (fσ (n)= fρ(n), for all n > 0);
(2) Let σ ∈ Sym(ω) \ S , ρ ∈ Sym(ω). Then σ is ι-embeddable into ρ if and only if
fσ (0) fρ(0) and fσ (n)= fρ(n), for all n > 0.
Proof. (1) The implication (⇐) is an easy consequence of Lemma 1.1.
(⇒) Suppose that there is a ι-Cauchy sequence (gn) such that gnσg−1n → ρ. In the
case fσ (0) = fρ(0) = 0 we are done by Corollary 1.2. So, let us assume fρ(0) > 0. By
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Lemma 1.1 it suffices to prove that fσ (0) > 0. Take any z ∈ ω from an infinite ρ-orbit.
Let n0 ∈ ω be greater than the length of any finite cycle of σ . There is n ∈ ω such that
gnσ
ig−1n (z)= ρi(z) = z, for every i  n0. Put x = g−1n (z). Then, σ i(x) = x , for every i 
n0. Hence, the length of the σ -cycle containing x is greater than n0. So, it must be infinite.
(2) (⇒) It follows from Lemma 1.1.
(⇐) By Lemma 1.1 and transitivity of ι-embeddability it suffices to construct a ι-
embedding of σ into ρ when fσ (0) = 0 and fρ(0) = 1. Choose any element y ∈ ω of
the infinite ρ-cycle. Since fσ (k) = fρ(k), for all k > 0, there is an injection g :ω→ ω
such that gσg−1|W = ρ|W , where W = ω \ {ρs(y): s ∈ Z}. Let (kn)n∈ω be any strictly
increasing sequence of natural numbers such that fσ (kn) > 0, for every n ∈ ω. For each
n ∈ ω choose an element xn from a σ -cycle of length kn. Let gn be a permutation such
that:
gn(x)= g(x) for any x having σ -cycle of length less than kn,
gn
(
σj (xn)
)= ρj (y) if |j |< kn
It is easily seen, that the sequence (gn) is a ι-embedding of σ into ρ. ✷
We now apply Theorem 1.3 to a characterization of Gδ-separation of conjugacy classes
in Sym(ω).
For any k > 0 and l ∈ ω ∪ {ω} define the following sets
A0l =
{
τ : fτ (0) l
}
,
Akl =
{
τ : fτ (k)= l
}
,
Bkj =
{
τ : fτ (k) j
}
.
Lemma 1.4. For any k ∈ ω and l ∈ ω∪{ω},Akl is a Gδ-subset of Sym(ω), invariant under
conjugation.
Proof. Invariantness of these sets is obvious.
(i) Observe that A0ω = Sym(ω). Suppose next that l < ω. Then
A0l =
{
τ :
(∀s ⊂ ω with |s| = l + 1)(∃r > 0)
(∃n,m ∈ s)(τ r(n)=m∨ τ r (n)= n)}.
Thus, for every l, A0l is a Gδ-set.
(ii) Let k > 0. Then Akω = Bkω and Akl = Bkl \ Bk(l+1), for every l < ω. The rest
follows from the fact that Bkj is open for any j < ω and Bkω =⋂l<ω Bkl is a Gδ-set. ✷
As a consequence we have the following lemma.
Lemma 1.5.
(a) For any permutation ρ the set
Aρ =
{
τ :
(
fτ (0) fρ(0)
)
and (∀k > 0)(fτ (k)= fρ(k))}
is a Gδ-set, invariant under conjugation.
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(b) For any permutation ρ ∈ S with fρ(0) > 0, the set
A˜ρ =
{
τ :
(
0 < fτ (0) fρ(0)
)
and
(
(∀k > 0)(fτ (k)= fρ(k)))}
is an invariant Gδ-set.
Proof. (a) is obvious.
(b) Let n0 = max{n: fρ(n) > 0}. The set {τ : (∃n)(∀s  n0 + 1)(τ s(n) = n)} is open
and A˜ρ =Aρ ∩ {τ : (∃n)(∀s  n0 + 1)(τ s(n) = n)}. ✷
Theorem 1.6. Let σ,ρ ∈ Sym(ω). Then there is a Gδ-subset of Sym(ω) containing the
conjugacy class of ρ and disjoint from the conjugacy class of σ if and only if one of the
following holds:
(1) fσ (0) > fρ(0);
(2) there is k > 0 such that fσ (k) = fρ(k);
(3) fσ (0)= 0 < fρ(0) and there is k0 such that for all k > k0, fσ (k)= 0.
In particular, σ is not ι-embeddable into ρ if and only if there is a Gδ-subset Y ⊆
Sym(ω) such that the orbit of ρ is contained in Y and the orbit of σ is disjoint from Y .
Proof. If there is a Gδ-subset of Sym(ω) containing the conjugacy class of ρ and disjoint
from the conjugacy class of σ , then by Proposition 3.D.5 of [1] σ is not ι-embeddable into
ρ. By Theorem 1.3 one of the conditions (1)–(3) holds.
Assume that σ is not ι-embeddable into ρ. If condition (1) holds, the conjugacy class
of ρ is contained in Aρ and the conjugacy class of σ is disjoint with Aρ . In case (2)
a separating set can be chosen as the corresponding Akl . If condition (3) holds we can
separate the conjugacy classes by A˜ρ . ✷
Let X be a Polish G-space and x ∈X. Let
Emb(x)= {y: x is ι-embeddable into y} and
emb(x)= {y: y is ι-embeddable into x}.
Corollary 1.7. Let σ ∈ Sym(ω). Then Emb(σ ) and emb(σ ) are Borel. Moreover, emb(σ ) ∈
Gδ .
We close this section with the following characterization of Borel complexity of
conjugacy classes of Sym(ω).
Theorem 1.8. Let ρ ∈ Sym(ω). Then
(1) The conjugacy class of ρ is a Π03 -set;
(2) The conjugacy class of ρ is a Gδ set if and only if one of the following conditions
holds: (a) fρ(0)= 0 or (b) fρ(0)= 1 and f ∈ S;
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(3) The conjugacy class of ρ is a closed set if and only if there is n > 0 such that fρ(n)= ω
and fρ(k)= 0, for k = n;
(4) The conjugacy class of ρ is an Fσ -set if and only if ρ ∈ S , fρ(0)= 0 and there is n ∈ ω
such that fρ(n)= ω and fρ(k) < ω, for k = n.
Proof. Let us denote by ∆ the conjugacy class of ρ.
(1) If fρ(0) = 0, then ∆ = Aρ and the statement follows from Lemma 1.5. If 0 <
fρ(0) < ω, then ∆ =Aρ \A0(fρ(0)−1). Hence, it is a difference of two Gδ-sets and thus
Π03 . Finally, suppose fρ(0)= ω. Then ∆=
⋂
l<ω(Aρ \A0l ) is an intersection of Π03 -sets,
thus it is Π03 , too.
(2⇒) Suppose ∆ is a Gδ-set. Hence by Proposition 3.D.5 of [1] and Theorem 1.6,
fρ(0)= 0 or fρ(0)= 1 and f ∈ S .
(2⇐) In case (a) the statement follows from the proof of (1). If condition (b) holds, then
∆= A˜ρ which is Gδ by Lemma 1.5.
(3⇒) Let ∆ be closed. Then both ∆ and Sym(ω) \ ∆ are Gδ-sets. Hence by
Theorem 1.6, fρ(0) = 0 and f ∈ S . Therefore there is n > 0 such that ρ has infinitely
many cycles of length n. Assume, towards contradiction, that ρ has also a cycle of length
k, for some k = n. Let σ be any permutation consisting only of cycles of length n. It is
easy to see that every open set containing σ has a nonempty intersection with the class of
ρ which contradicts our assumption.
(3⇐) Obvious.
(4⇐) Let ρ consists of infinitely many cycles of length n = 0 and finitely many other
finite cycles. Let Ω be the set of all permutations s of finite subsets of ω such that for
every k = n, s contains fρ(k) cycles of the length k. For every s ∈Ω let Fs consists of all
permutations which are conjugate with ρ and extend s. It is obvious that every such Fs is
closed and the union of the family {Fs : s ∈Ω} is exactly the conjugacy class of ρ.
(4⇒) Let ∆ be an Fσ -set, i.e., ∆=⋃i∈ω Fi , where Fi is closed for each i ∈ ω. Then
the set Sym(ω) \∆ is a Gδ-set. Hence by Theorem 1.6, ρ ∈ S and does not have infinite
cycles. Then by part (2), ∆ is also a Gδ-set. Thus ∆ with the relative topology is a Polish
space and satisfies the Baire Theorem. Hence there is i0 ∈ ω such that Fi0 is not meager
and by its closedness, contains some basic open set Us ∩∆.
Suppose that for some distinct n,m > 0, fρ(n) = fρ(m) = ω. Now, let σ be any
permutation extending s and such that all but finitely many finite cycles of σ have the
length n. It is easily seen that σ belongs to the closure of Us ∩∆ and thus to Fi0 , which
contradicts the fact σ is not conjugate with ρ. ✷
2. The group A(Q) of automorphisms of Q
2.1. ι-embedding
For real numbers a < b by the open interval (a, b) we understand the set {x ∈Q: a <
x < b}. Similarly for a, b ∈ Q, [a, b] := {x ∈ Q: a  x  b}. Let f ∈ A(Q) and x ∈ Q.
Then the set {q ∈ Q: (∃m,n ∈ Z)(f n(x)  q  fm(x))} is called the orbital of f
containing x . It follows that an orbital is a singleton or an open interval.
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The parity function ℘f :Q→{−1,0,+1} of f is defined as follows:
℘f (x)=


−1 if f (x) < x,
0 if f (x)= x,
+1 if f (x) > x.
Since the parity function is constant on every orbital, we can assign to every orbital this
constant value and call it the parity of an orbital.
Let i ∈ {−1,0,+1}. Then Of and Oif stand for the family of all orbitals of f and the
family of all orbitals of f having parity i respectively.
For any nonempty intervals I, J we write I  J if and only if I = J or for each a ∈ I
and each b ∈ J we have a < b. The relation  is a partial ordering on the family of all
intervals. For given f ∈ A(Q) the relation f , that is  relativized to Of , is a natural
ordering of Of . We shall write I ≺ J if I  J ∧ I = J .
A classical result of Schreier and Ulam (see [5]) says that f , g are conjugate if and
only if (Of ,f ) and (Og,g) are isomorphic by an isomorphism preserving parity of the
orbitals.
Below we often identify an interval I from (Og,g) with the corresponding interval of
(Q,<), the union of orbitals of I . For any A⊆Q, f [A] denotes the image of A under f .
As in the case of Sym(ω), the standard metric on A(Q) is left invariant. For any order-
preserving partial function s ⊆ Q× Q having finite domain, let Us consists of all order-
preserving automorphisms extending s. The sets of this kind form the base of the topology
on A(Q)
Definition 2.1. Let f,h ∈ A(Q). We call h a transformation of f witnessed by an order-
preserving injection g :Q→Q (called a witness of f in h), if the following conditions are
satisfied:
(a) gfg−1 = h|W where W = rng(g);
(b) for every s > 0 and every y0 < y1 < · · ·< ys−1 ∈Q
(i) if g(x) < y0, ys−1 < g(z), x, z ∈ Q, then there is a sequence w0 < w1 < · · · <
ws−1 of rationals contained in (x, z) such that ℘f (wj )= ℘h(yj ), for every j < s;
(ii) if ys−1 < infW then for every q there is a sequence w0 < w1 < · · · < ws−1 of
rationals such that ws−1 < q and ℘f (wj )= ℘h(yj ), for every j < s;
(iii) if supW < y0 then for every q there is a sequence w0 < w1 < · · · < ws−1 of
rationals such that w0 > q and ℘f (wj )= ℘h(yj ), for every j < s.
The definition implies that the structure 〈Q,,Par+f ,Par−f ,Par0f 〉 (where Par−,0,+f are
the unary predicates defining parity of elements with respect to f ) is embeddable into
〈Q,,Par+h ,Par−h ,Par0h〉 so that the universal sentences with parameters are preserved
(∀-embeddable).
Theorem 2.2. Let f,h ∈A(Q). Then f is ι-embeddable into h if and only h is a transfor-
mation of f .
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Proof. (⇐) Let g :Q→ Q be an order-preserving injection satisfying the definition of
a witness of f in h and W = rng(g). Let |Of | = nf and |Ogh| = ng , where Ogh = {J ∈
Oh: J ⊆Q \W}. Fix arbitrary enumerationsOf = {In: n < nf } and Ogh = {Jn: n < ng}.
For each n < nf , choose some xn ∈ In and for each n < ng , choose some yn ∈ Jn.
Let n ∈ ω. We are going to define gn so that h equals gnfg−1n on a ‘large’ piece of W
and ‘large’ pieces of the first n orbitals of Ogh . Put
ln =
{
nf for nf < ω,
n for nf = ω, and kn =
{
ng for ng < ω,
n for ng = ω.
Now define An =⋃i<ln[f−℘f (xi)n(xi), f ℘f (xi)n(xi)].
It is easily seen that {An: n ∈ ω} is an increasing family of subsets of Q covering Q.
W.l.o.g. we may assume that the enumerations {xl: l < ln} and {yk: k < kn} are
increasing. Put

B0 =
{
yk: yk < g(x0) and k < kn
};
Bl =
{
yk: g(xl−1) < yk < g(xl) and k < kn
}
, for 0 < l < ln;
Bln =
{
yk: g(xln) < yk and k < kn
}
.
Let l  ln be such that Bl = ∅. Then Bl = {yrl , yrl+1, . . . , ysl }, for some rl, sl < kn.
Since Bl ∩W = ∅, the following inequalities hold:

ys0 < g
(
f−℘f (x0)n(x0)
)
if l = 0,
g
(
f ℘f (xl−1)n(xl−1)
)
< yrl < ysl < g
(
f−℘f (xl)n(xl)
)
if 0< l < ln,
g
(
f ℘f (xln )n(xln)
)
< yrl if l = ln.
Then by the definition of a transformation, for every l < ln as above, there is a sequence
wrl ,wrl+1, . . . ,wsl (3)
such that ℘h(yk)= ℘f (wk), rl  k  sl, and

ws0 < f
−℘f (x0)n(x0) if l = 0,
f ℘f (xl−1)n(xl−1) < wrl < wrl+1 < · · ·<wsl < f−℘f (xl)n(xl) if 0 < l < ln,
f ℘f (xln )n(xln) < wrln .
We can assume (making some easy modification, if necessary) that the sequence (3)
satisfies the following conditions:
(1) wrl = f ℘f (xl−1)(2n+1)(xl−1) if xl−1, wrl are in the same orbital of f ;
(2) wk+1 = f ℘f (wk)(2n+1)(wk) if wk , wk+1 are in the same orbital of f , rl  k < sl ;
(3) wsl = f−℘f (xl)(2n+1)(xl) if xl , wsl are in the same orbital of f .
Now, for each n ∈ ω and each 0 l  ln such that Bl = ∅ put
(a) gn(x)= g(x) if x ∈An;
(b) gn(f i(wk))= hi(yk) if rl  k  sl and −n i  n.
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By ‘back-and-forth’ method we can extend gn to an order-preserving automorphism of
Q so that gnfg−1n and h are equal on the set
Cn =
⋃
ikn
[
h−℘h(yi)(n−1)(yi), h℘h(yi)(n−1)(yi)
]
.
By (a), gn is an ι-Cauchy sequence. Since gnfg−1n and h are equal on the set Cn ∪ g[An],
(Cn) is an increasing family coveringQ \W and the family of all g[An] coversW , hence
gnfg
−1
n converges to h.
(⇒) Let (gn) be a ι-embedding of f into h. Since (gn) is a ι-Cauchy sequence, then
(gn) tends to an order-preserving injection g :Q→ Q, which trivially satisfies condition
(a) of Definition 2.1.
Now, let x, y0, y1, . . . , ys−1, z be any finite sequence of rationals such that g(x) <
y0 < y1 < · · · < ys−1 < g(z). There is n0 such that for every n  n0 and every i < s
we have g−1n (g(x))= x , g−1n (g(z))= z, h(yi)= gnfg−1n (yi) and ℘h(yi)= ℘gnfg−1n (yi)=
℘f (g
−1
n (yi)). Hence the sequence wi = g−1n0 (yi), for i < s, satisfies (b)(i).
Similarly we prove (ii) and (iii). ✷
2.2. Complexity of ι-embedding
Now we shall give an example which shows that the converse to Proposition 3.D.5 of
[1] does not hold for A(Q). The example we give below is a corollary of the following
proposition.
Proposition 2.3. Let f,h be any automorphisms having only orbitals of parity +1, and
such that |Of | |Oh|. Then there is no Gδ-set separating the conjugacy class of f from
the conjugacy class of h.
Proof. Suppose the contrary and let C be a Gδ-set containing the class of f and disjoint
from the class of h. Let C = ⋂i∈ω Ci , where Ci is open for every i ∈ ω. Then for
every i ∈ ω, the set {g: ghg−1 /∈ Ci} is closed and there is some i0 ∈ ω such that the
set {g: ghg−1 /∈ Ci0} is not meager. Thus there is a basic open set Us such that the set{ghg−1: g ∈ Us} is disjoint from Ci0 . Let {I0, I1, . . . , In−1} be the -increasing family of
orbitals of h such that dom(s) ⊆⋃i<n Ii and for every i < n, the set Xi = Ii ∩ dom(s)
is nonempty. Obviously, for every g ∈ Us and every x, y ∈ dom(s), x , y are in the same
orbital of h if and only if s(x), s(y) are in the same orbital of ghg−1. Thus, for every g ∈Us
and every i < n, s[Xi ] is contained in a single orbital of ghg−1. Moreover, for distinct
i, j < n, s[Xi ] and s[Xj ] are contained in distinct orbitals of ghg−1. Since |Of | |Oh|,
there is some automorphism f ′ conjugate with f which satisfies the following conditions:
(i) f ′|dom(shs−1) = shs−1;
(ii) for every y, y ′ ∈ rng(s), y, y ′ are in distinct orbitals of f ′ if and only if s−1(y), s−1(y ′)
are in distinct orbitals of h.
By the second condition, for every i < n, s[Xi] is contained in a single orbital Ji of
f ′. Moreover, for distinct i, j < n, Ji and Jj are distinct. Find a basic open Uτ ⊆ Ci0
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with f ′ ∈Uτ . Hence f ′ extends shs−1 ∪ τ . We are going to construct an automorphism g
extending s such that ghg−1 extends τ . Put

Y0 = dom(τ )∩
(⋃
{J ∈Of ′ : J ≺f ′ J1}
)
,
Yl = dom(τ )∩
(⋃
{J ∈Of ′ : Jl f ′ J ≺f ′ Jl+1}
)
for 0 < l < n− 2,
Yn−1 = dom(τ )∩
(⋃
{J ∈Of ′ : Jn−1 f ′ J }
)
.
By extending τ accordingly to f ′ if necessary, we can assume that rng(s) ⊆ dom(τ )
and all the sets Yi , i < n, are of the same size k. Then, let Yi = {yi0, yi1, . . . , yi(k−1)} be an
increasing enumeration of Yi , i < n.
Now, we will construct g in such a way, that Yi ⊆ g[Ii ], for each i < n. First, consider
the set A of those y ∈ dom(τ ), that for some m ∈ Z \ {0}, τm(y) is defined (that is, for
every integer k between 0 and m, (f ′)k(y) ∈ dom(τ )) and belongs to rng(s). We put
g−1(y) = h−m(s−1(τm(y)), for every y ∈ A such that τm(y) ∈ rng(s). Notice, that for
every i < n, A∩ Yi is nonempty.
Then for every i < n and y ∈ Yi we inductively define g−1(y). If yi0 does not belong
to A, then take any x ∈ Ii with x < g−1(min(A∩ Yi)) and put g−1(τm(yi0))= hm(x), for
every m  0 such that τm(yi0) is defined. Next, suppose that, for some j < k, we have
already defined g−1(yil) for every l < j but we have not yet defined g−1(yij ). Take any
x ∈ Ii (by density) satisfying the following conditions:
– x > g−1(yi(j−1));
– if the set {l: j < l < k and g−1(yil) is already defined} is nonempty and l0 is its
minimal element then x < g−1(yil0).
Then put g−1(τm(yij ))= hm(x), for every m 0 such that τm(yij ) is defined.
Finally, let g be any automorphism satisfying all of these partial conditions. Then
ghg−1 extends τ and so ghg−1 ∈ Ci0 . This contradicts our assumptions. The proof is
complete. ✷
Example. Let f,h ∈ A(Q) have only orbitals of parity +1, the order type of (Of ,f ) is
ω and the order type of (Oh,h) is ω + 1. Then by Theorem 2.2, h is not ι-embeddable
into f although by Proposition 2.3 the class of f cannot be separated from the class of h
by any Gδ-set.
It is clear that any countable linear ordering can be coded as (Of ,≺f ), f ∈ A(Q).
This provides further negative results concerning the equivalence relation of conjugacy.
We now show that Corollary 1.7 does not hold in the case of A(Q). Below we will also use
the argument of 3.D.7 of [1].
Proposition 2.4. There exists f ∈A(Q) such that Emb(f ) is not Borel.
Proof. Let KAdm be the class of two-sorted structures of the form (Q,<,f,E,q;V,∈;µ)
where:
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– (Q,<) is the standard ordering of the rationals;
– f ∈ A(Q), all its orbitals are of parity +1 and E = Ef (the equivalence relation
induced by the orbitals);
– (V ,∈) is a model on ω of Adms , the axioms of admissible sets (see [2]);
– µ(x)= y is a binary relation defining a partial map into Q from the set of all elements
of V satisfying Ord(x):
∀z, v ∈ x∀y ∈ z(y ∈ x ∧ (z ∈ v ∨ z= v ∨ v ∈ z));
– all elements of µ(Ord(V )) have pairwise distinct E-classes and µ(Ord(V ))/E =
Q/E;
– µ−1(q) is defined and V |= ∀x(x ∈µ−1(q)→∨i∈ω x = i).
Since KAdm is axiomatizable by an Lω1ω-sentence, KAdm forms a Borel set of tuples of
relations defined on Q∪ ω ∪Q×ω (of the form (γ,E,∈,µ)). The A(Q)-projection Ŷ of
KAdm is analytic. The orderings of the orbitals of its members is described in Theorems 3.1
and 3.2 of [2]. They are divided into two classes Y1 and Y2, where Y1 consists of all
countable admissible ordinals and Y2 consists of all orderings of the form α(1+Q), for α
an admissible ordinal greater than ω. Let f ∈ Ŷ define the ordering of the orbitals of type
ωCK1 (1 +Q), where ωCK1 is the least admissible ordinal greater than ω. By Theorem 2.2,
Ŷ ∩ Emb(f ) defines Y2. If Emb(f ) was Borel, the set Ŷ \ Emb(f ) would be Σ11. This
contradicts the fact that the class of all countable admissible ordinals is not analytic (the
latter is an application of the Boundedness Theorem [6], p. 240). ✷
2.3. Gδ-classes
In this subsection we characterize Gδ-conjugacy classes.
Recall that f ∈ A(Q) is called generic if for each i ∈ {−1,0,+1}, Oif is without
endpoints and dense in Of [9]. Let f ∈A(Q), i, j ∈ {−1,0,+1} and J ⊆Oif ∪Ojf be an
interval in (Of ,f ). We will say that J is an i, j -maximal f -interval iff for every interval
J˜ ⊆Oif ∪Ojf , J ⊆ J˜ implies J = J˜ . We will write i-maximal instead of i , i-maximal.
In the following lemma we collect some properties of Gδ-conjugacy classes.
Lemma 2.5. Let f be an automorphism which conjugacy class ∆ is a Gδ-set. Then
(1) for every i ∈ {−1,+1},Of \Oif is dense in Oif ;
(2) if f is not generic then for any non-empty interval J ⊆Of
(a) if |J |> 1, then there is i0 ∈ {−1,0,+1} such that Oi0f is not dense in J ;
(b) there exists Oif , i ∈ {−1,0,+1}, which is bounded below (above) in J ;
(c) if for distinct i, j ∈ {−1,0,+1}, J is i, j -maximal and each of the sets Oif , Ojf
is unbounded below (above) in J , then each of the sets is dense and unbounded
above (below) in J ;
(d) if J is 0-maximal then |J | = 1 or J is without endpoints.
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Proof. (1) Suppose the contrary and let C,D ∈Of be such that:
(i) C ≺f D;
(ii) for every J ∈Of with C f J f D, ℘f (C)= ℘f (J ) = 0.
Then the conjugacy class ∆ is the union of the family {Fqr : q, r ∈Q ∧ q < r}, where
Fqr = {gfg−1: q ∈ g[C] and r ∈ g[D]}. The sets of this form are nowhere-dense in ∆ with
the topology inherited from A(Q). Indeed, suppose that Fqr meets some basic open set Us
and let gfg−1 ∈ Fqr ∩Us . Without loss of generality, we may assume that q, r ∈ dom(s).
Then we can partition (dom(s)∪ rng(s))∩ [q, r] into finitely many sets A0,A1, . . . ,An−1
such that:
– Ai is contained in a single orbital of gfg−1, i < n;
– the gfg−1-orbitals containing Ai , Aj are distinct for distinct i, j < n.
Assume for simplicity that ℘f (C)= ℘f (D)=+1.
For i < n, let ai = min(Ai) and ni ∈ ω satisfy Ai ⊆ [ai, gf ni g−1(ai)]. Then put:
s˜(x)= s(x) for x ∈ dom(s);
s˜
(
gf kg−1(ai)
)= gf k+1g−1(ai) for i < n and k < ni − 1;
s˜
(
gf ni g−1(ai)
)= ai+1 for i < n.
Hence Us˜ ∩ Fqr = ∅. Thus ∆ with the relative topology is not the Baire space and so it
is not a Gδ-subset of the Polish space A(Q).
(2a) Suppose the contrary and let J ⊆Of be an interval such that |J |> 1 and Oif is
dense in J , for every i ∈ {−1,0,+1}. Without loss of generality we can assume that J is
without endpoints (if not, then we pass to such an subinterval). Since f is not generic and
Of contains (by the assumption above) at least two elements, there are i0 ∈ {−1,0,+1}
and C,D ∈Of such that C ≺f D and Oi0f is disjoint from the interval (C,D). Then ∆ is
the union of the family {Fqr : q, r ∈ Q∧ q < r}, where Fqr = {gfg−1: q ∈ g[C] and r ∈
g[D]}. The sets of this form are nowhere-dense in ∆ with the topology inherited from
A(Q). Indeed, take C˜, D˜ ∈ J such that:
(i) C˜ ≺f D˜;
(ii) ℘f (C˜)= ℘f (C) and ℘f (D˜)= ℘f (D).
Then, proceeding as in the proof of (1), we can show that every s such that Us meets
Fqr , can be extended to an automorphism gfg−1 such that q ∈ g[C˜] and r ∈ g[D˜]. Now
let s˜ be a partial function such that s ⊆ s˜ ⊆ gfg−1 and g(x) ∈ dom(s˜), for some x with
q < x < r and ℘f (x)= i0. Hence Us˜ ∩ Fqr = ∅. Thus ∆ with the relative topology is not
the Baire space. Hence ∆ is not a Gδ-set.
(2b) It is clear for every finite J . If J is infinite then, by (2a), there is i0 ∈ {−1,0,+1}
and C,D ∈ J such that C ≺f D and no orbital between C and D has parity i0. The orbit
∆ is the union of the family {Fqr : q, r ∈ Q ∧ q < r}, where Fqr = {gfg−1: q ∈ g[C]
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and r ∈ g[D]}. Suppose towards a contradiction, that Oif is unbounded below (above) in
J for each i ∈ {−1,0,+1}. Proceeding like in the proof of (2a) we argue that Fqr is a
nowhere-dense subset of ∆ for every q < r , which contradicts the fact that ∆ is a Gδ-set.
(2c) Assume J is a maximal i, j -interval and both Oif and Ojf are unbounded below
(above) in J . SupposeOif is not dense inJ and letC,D ∈J be such thatC ≺D and there
is no orbital of parity i between them. Then we can prove as in (2b) that for every q < r
the set Fqr = {gfg−1: q ∈ g[C] and r ∈ g[D]} is nowhere-dense in ∆ and ∆=⋃q<r Fqr .
Next suppose that Oif is bounded above (below) in J and C ∈ J is an upper bound of
Oif ∩J . Then we prove that for every q the set Fq = {gfg−1: q ∈ g[C]} is nowhere-dense
in ∆ and ∆=⋃q Fq which is again impossible.
(2d) Assume J is 0-maximal and |J | > 1. Suppose that C ∈ J is its left (right)
endpoint. Then for each rational q the set Fq = {gfg−1: q ∈ g[C]} is nowhere-dense in ∆
and ∆=⋃q Fq . This is a contradiction. ✷
Definition 2.6. Let f be an order-preserving automorphism. We say that Of is dense-like
if f is generic or there is a finite partition {A0,A1, . . . ,An−1} of Of such that for each
k < n:
(a) A0 ∪A1 ∪ · · · ∪Ak is an initial segment of (Of ,f );
(b) {i: Ak∩Oif = ∅}\{i: Ak+1∩Oif = ∅} = ∅ = {i: Ak+1∩Oif = ∅}\{i: Ak∩Oif = ∅};
(c) one of the following is satisfied:
(i) Ak consists of one orbital;
(ii) Ak is contained in O0f and does not have endpoints;
(iii) there are distinct i, j ∈ {−1,0,+1} such that Ak ⊆Oif ∪Ojf and both sets Oif ,
Ojf are dense and unbounded in Ak .
Notice that each of the sets Ak described in the definition is an interval in (Of ,f ).
The other properties of the notion are given in the following lemma.
Lemma 2.7. Suppose that Of is dense-like. Then
(1) Og is dense-like for every g conjugate with f ;
(2) If f is not generic then the partition satisfying the definition is unique.
Proof. (1) Let g = hf h−1. Then h induces a parity-preserving isomorphism fromOf onto
Og .
(2) Let partitions {A0,A1, . . . ,An−1} and {B0,B1, . . . ,Bm−1} of Of satisfy the
definition. Assume Ak = Bk for all k < k0. Since Ak0 ∪Ak0+1∪· · ·∪An−1 = Bk0 ∪Bk0+1∪
· · · ∪Bm−1, it follows from the definition that either Ak0 ⊆ Bk0 or Bk0 ⊆Ak0 . Without loss
of generality we can assume that the first case holds.
If Bk0 satisfies (c(i)), then Ak0 = Bk0 . If Bk0 satisfies (c(ii)), then Ak0 ⊆O0f and Ak0+1
is, by property (b) of the definition, disjoint from O0f . Thus Ak0 = Bk0 .
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Let Bk0 satisfy (c(iii)) for some i, j ∈ {−1,0,+1}. Since Bk0 does not have the least
element, then Ak0 satisfies (c(iii)) for the same i, j . It follows from (b) thatAk0+1 is disjoint
from Oif ∪Ojf . Thus Ak0 = Bk0 . ✷
We now characterize Gδ-conjugacy classes.
Theorem 2.8.
(1) Identity is the only automorphism which conjugacy class is an Fσ -set;
(2) Let f ∈A(Q). Then the conjugacy class of f is a Gδ-set if and only ifOf is dense-like.
Proof. Let us denote the conjugacy class of f by ∆.
(1) Let ∆ be an Fσ -set. Then, by Proposition 3.D.5 of [1], f cannot be embedded into
any automorphism that is not conjugate with f . Suppose that f is not identity. Then it has
an orbital of a non-zero parity. Without loss of generality we can assume that O+1f = ∅.
Consider the family {On: n < nf }, 1  nf  ω, of all (+1)-maximal intervals. Then
there is a countable linear ordering (O∗,∗) which is not isomorphic with any (On,f ),
n < nf , and such that (O0,f ) can be embedded into (O∗,∗). Let g be an automorphism
which agrees with f on the interval of Q defined by the complement of O0. Assume that
the g-orbitals on the interval of Q defined by O0, form a linear ordering isomorphic to
(O∗,∗). Then f is ι-embeddable into g and not conjugate with it. This contradicts the
assumption and completes the proof.
(2 ⇐) Suppose that ∆ is a Gδ-set. If f is a generic automorphism thenOf is obviously
dense-like. If not, then we construct inductively a partition of Of as follows. Suppose that
we have already constructed the first k pieces, i.e., the family {A0,A1, . . . ,Ak−1} which
union is an initial segment of (Of ,f ) and its elements satisfy the conditions (a)–(c) of
the definition. If it is already a partition of the whole Of , then we are done. If not, then
put Bk =Of \ (A0 ∪A1 ∪ · · · ∪Ak−1) and proceed as follows: if Bk has the f -minimal
element I , then put Ak = {I }.
If Bk does not have the f -minimal element, then by Lemma 2.5, there are at most two
i ∈ {−1,0,+1} such that Oif is unbounded below in Bk . Observe, that the set
I =
{
I ∈Bk : I bounds below the set(
Bk ∩
⋃{Oif : Oif is bounded below in Bk})}
is an interval in Of . Then we put Ak = I . By Lemma 2.5, Ak satisfies conditions (c(ii)) or
(c(iii)) of Definition 2.6.
It follows from the construction and Lemma 2.5 that the family {A0,A1, . . . ,Ak} is
a partition of some initial segment of (Of ,f ) and satisfies condition (a)–(c) of the
definition. It remains to prove that the induction will stop after finitely many steps. If not,
then for every i ∈ {−1,0,+1},Oif would be unbounded above in Of which is impossible
by Lemma 2.5.
(2 ⇒) Suppose Of is dense-like. In [9] Truss has proved that the conjugacy class of a
generic automorphism is a Gδ-set.
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If f is not generic, let {A0,A1, . . . ,An−1} be the finite partition of Of satisfying the
definition and let ak = {℘f (I): I ∈Ak}, k < n (notice that 1 |ak| 2).
In the definitions below, the letters p,q, x, y , with or without indices, stand for rationals.
Let
C = {g: (∃x0  y0  x ′0  y ′0 < x1  y1  x ′1  y ′1
· · ·< xn−1  yn−1  x ′n−1  y ′n−1
)
:
(∀k < n)({℘g(xk),℘g(yk)}= ak = {℘g(x ′k),℘g(y ′k)})}.
For any rationals x,p, q and any j < n put:
Cj (x)= {g: (∃x0  y0  x ′0  y ′0 < x1  y1  x ′1  y ′1
· · ·< xn−1  yn−1  x ′n−1  y ′n−1
)
: yj  x  x ′j ,
(∀k < n)({℘g(xk),℘g(yk)}= ak = {℘g(x ′k),℘g(y ′k)})};
Cj (p,q)= {g: (∃x0  y0  x ′0  y ′0 < x1  y1  x ′1  y ′1
· · ·< xn−1  yn−1  x ′n−1  y ′n−1
)
: yj  p < q  x ′j ,
(∀k < n)({℘g(xk),℘g(yk)}= ak = {℘g(x ′k),℘g(y ′k)})};
C˜j (x)= {g: (∃x0  y0  x ′0  y ′0 < x1  y1  x ′1  y ′1
· · ·< xn−1  yn−1  x ′n−1  y ′n−1
)
: y ′j  x  xj+1,
(∀k < n)({℘g(xk),℘g(yk)}= ak = {℘g(x ′k),℘g(y ′k)})}.
It is easy to see that these sets are open. For every j < n define the following closed sets:
Dj (x)= {g: ℘g(x) ∈ aj} and Dj (p,q)= ⋂
pxq
Dj (x).
Finally define open sets
E0(p, q)=
{
g: (∃m ∈ Z)(gm(p) > q)},
E
j
0 (p, q)=
{
g: (∃u0 < t0 <p < u1 < t1 < q < u2 < t2)
(∀i < 3)({℘g(ui),℘g(ti )}= aj )}
and
Ej(p,q)=
{
E0(p, q) if |Aj | = 1,
E0(p, q)∪Ej0 (p, q) if |Aj | = ω.
Now it is easy to see that the following set is Gδ :
Γ = C ∩
[⋂
j<n
⋂
x
{(
Cj(x)
)c ∪ (Dj (x))}]
∩
[⋂
j<n
⋂
x
{(
C˜j (x)
)c ∪ (Dj(x)∪Dj+1(x))}]
∩
[⋂
j<n
⋂
p<q
{((
Cj (p,q)
)c ∪ (Dj(p,q))c ∪Ej(p,q))}].
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We claim that Γ = ∆. Indeed, let g ∈ ∆ and {Ag0,Ag1, . . . ,Agn−1} be the partition of Og
defined by Lemma 2.7(a). Since for every k < n, {℘g(I): I ∈ Agk } = ak , we have that
g belongs to C. Take any x and let j < n be such that g ∈ Cj (x). Then x ∈ Agj , thus
g ∈Dj (x). If g ∈ C˜j (x) then x ∈Agj ∪Agj+1, therefore g ∈Dj (x)∪Dj+1(x).
Finally, suppose that g ∈ Cj(p,q) ∩Dj (p,q). It follows that p,q ∈Agj . If p,q are in
the same orbital, then g ∈ E0(p, q). Otherwise Ajg satisfies either (c(ii)) or (c(iii)) of the
definition, thus g ∈Ej0 (p, q). So, in either case g ∈E(p,q).
Conversely, suppose that g ∈ Γ . For every k < n, choose xk  yk  x ′k  y ′k ∈ Ak so
that {
℘f (xk),℘f (yk)
}= ak = {℘f (x ′k),℘f (y ′k)}.
Since g ∈C, we can also find a sequence
xˆ0  yˆ0  xˆ ′0  yˆ ′0 < xˆ1  yˆ1  xˆ ′1  yˆ ′1 < · · ·< xˆn−1  yˆn−1  xˆ ′n−1  yˆ ′n−1
of rationals such that{
℘g(xˆk),℘g(yˆk)
}= ak = {℘g(xˆ ′k),℘g(yˆ ′k)}
and (xˆk = yˆk) ∧ (xˆ ′k = yˆ ′k) whenever xk = yk , k < n. Using the definition of Γ and back-
and-forth we construct an automorphism h such that for every k < n, we have h(xk)= xˆk ,
h(yk)= yˆk h(x ′k)= xˆ ′k , h(y ′k)= yˆ ′k and g = hf h−1. ✷
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